Abstract. Kinematical conservation laws (KCL) is a system of conservation laws governing the evolution of a curve in a plane or a surface in space, even if the curve or the surface has singularities on it. In our recent publication [1] we have developed a mathematical theory to study the successive positions and geometry of a 3-D weakly nonlinear wavefront by adding an energy transport equation to KCL. The 7×7 system of equations of this KCL based 3-D weakly nonlinear ray theory (WNLRT) is quite complex and explicit expressions for its two nonzero eigenvalues could not be obtained in [1] . In this short note, we use two different methods: (i) the equivalence of KCL and ray equations and (ii) the transformation of surface coordinates, to derive the same exact expressions for these eigenvalues. The explicit expressions for nonzero eigenvalues are important also for checking stability of any numerical scheme to solve 3-D WNLRT.
Introduction
In [1] we have developed a method to study the propagation of a surface Ω t in three-dimensional space R 3 . The paper contains two systems of equations for an isotropic evolution of Ω t . The first system, called the ray equations, is for the evolution of a smooth Ω t and consists of equations The second system, called 3-D KCL, consists of six conservation laws
The KCL (1.3)-(1.4) is to be supplemented by an additional condition (g 2 v) ξ 1 − (g 1 u) ξ 2 = 0 to be satisfied at time t = 0. Unlike the ray equations, the KCL remains valid also when Ω t develops singularities.
As long as Ω t remains smooth, the systems (1.1)-(1.2) and (1.3)-(1.4) are equivalent, we refer the reader to [1] for a proof of this basic result.
It is to be pointed out that both the systems (1.1)-(1.2) and (1.3)-(1.4) are under-determined. Hence, suitable closure relations are to be supplied to both to get a completely determined system of equations. In [1] we have derived a closure relation by considering the energy propagation along the rays of a weakly nonlinear ray theory (WNLRT) under high frequency approximation. For a nonlinear wave front running into a polytropic gas at rest and in uniform state, the energy transport equation written in the form (7.4) of [1] is
A conservation form of the equation (1.5) is the equation (6.7) of [1] which is
We add the differential form the energy transport equation, namely (1.5) to the ray equations (1.1)-(1.2). Henceforth, we shall designate the resulting system of equations as ray equations based WNLRT. Similarly, we will refer the KCL (1.3)-(1.4) along with the energy equation (1.6) in conservation form as KCL based WNLRT.
Since the two formulations of WNLRT are equivalent for smooth solutions, their nonzero eigenvalues must be same, see [1] -Section 8.4. The aim of the present work is to determine these eigenvalues of the KCL based WNLRT from the much simpler system of ray equations based WNLRT.
Calculation of the Nonzero Eigenvalues
For the determination of eigenvalues, we do not need the first part of the ray equations, i.e., equation (1.1) but only the equation (1.2) for n. However, since |n| = 1, the vector equation (1.2) contains only two independent scalar equations. The two evolution equations for n 1 and n 2 are equations (5.9)-(5.10) of [1] which we reproduce below.
Using the mapping between (x 1 , x 2 , x 3 )-space and (ξ 1 , ξ 2 , t)-space, the expressions for the partial derivatives , see (5.6) of [1] . After the transformation of independent variables to (ξ 1 , ξ 2 , t), the energy transport equation (1.5) becomes
It is to be remarked that though the variables g 1 and g 2 do appear in equations (2.1)-(2.3), no derivatives of g 1 and g 2 are present. Hence, for the calculation of the nonzero eigenvalues, we need not consider the evolution equations for g 1 and g 2 given by the equations (6.10)-(6.11) of [1] . We can easily write down the characteristic equation of (2.1)-(2.3) and solve for the eigenvalues, which turn out to be
where (2.5)
The explicit expressions for λ 1 and λ 2 in (2.4)-(2.5) are simple and elegant. They reduce to ν 1 and ν 2 in equation (8.2) of [1] when u and v are orthogonal. The analytical expressions for nonzero eigenvalues of KCL are essential to determine a suitable CFL stability condition in the numerical integration of conservation laws of KCL based WNLRT, see [2] for more details.
3. Calculation of nonzero eigenvalues by transformation of surface coordinates at a point.
In this section we shall use the method of transformation of coordinates explained in section 8.3 of [1] to deduce the expression (2.5). Given the surface coordinates (ξ 1 , ξ 2 ) at a point P 0 on Ω t with unit vectors (u, v), we choose an orthogonal coordinates at P 0 with unit vectors (u , v ) as follows
where u , v = 0 and |v | = 1 so that
The sign of γ 2 and δ 2 are so chosen that vectors u , v and n form a right handed system, similar to the three vectors u, v and n. Substituting γ 1 = 1, δ 1 = 0 and the above values of γ 2 and δ 2 in the expression (8.15) of [1] we get the same expression (2.5) for λ 1 .
Concluding Remarks
Though we could not derive the expression for λ 1 by solving the characteristic equation det(−λA+ e 1 B (1) + e 2 B (2) ) = 0 of the system (6.12) of [1] , we have obtained its explicit expression (2.5) by two different methods. This leaves no doubt about the correctness of the expression in (2.5). However, just as a check, we have numerically evaluated the expression (2.5) and numerically solved the eigenvalue problem of the KCL based 3-D WNLRT with g 1 = g 2 = 1 and various values of u, v and m. The numerical values of λ 1 agree in all cases, see also section (8.2) of [1] .
